Crystallization Kinetics of Potassium Sulfate

in an MSMPR Agitated Vessel

New data are reported on the crystallization kinetics of potassium
sulfate solutions in a laboratory-scale continuous MSMPR cooling crys-
tallizer. Population density distributions determined down to 1 um by
laser light scattering and sieve analysis are corrected for the effects of
crystal agglomeration and shape variation and are used to determine
accurate growth and nucleation rates. The crystal growth rate is
strongly size-dependent, second order with respect to supersaturation,
with a high overall activation energy. The surface reaction contribution
to the growth process is comparatively large, with a diffusion depen-
dency that increases with crystal size and temperature. While largely
consistent with most previous studies, a marked deviation is detected in
growth rates at small sizes at which very strong curvature is exhibited in
the population density distributions. Secondary nucleation rates vary
linearly with suspension density, and the zero size order and activation
energy are similar to those of growth but significantly are both much
lower at a larger eftective size. These observations support the view
that growth rate dispersion may be responsibie in large part for the sub-
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stantial variation in reported secondary nucleation kinetics.

Introduction

The crystallization of potassium sulfate from aqueous solu-
tion has been the subject of numerous investigations, including
those by Mullin and Gaska (1969), Rosen and Hulburt
(1971a,b), Ishii (1973), Jones and Mullin (1973), Mullin and
Gaska (1973), Garside et al. (1974), Ishii and Fujita (1978),
Tavare and Chivate (1979), and Palwe et al. (1984). Although
there has been much work, so far there is very little agreement
among published data, especially secondary of nucleation rates
for which the order with respect to supersaturation varies dra-
matically from one set of data to another (Randolph and Raja-
gopal, 1970; Cise and Randolph, 1972; Randolph and Cise,
1972; Randolph and Sikdar, 1976). Recent studies of agglomer-
ation (Budz et al., 1985a) and shape-size dependence of potas-
sium sulfate crystals (Budz et al., 1986b) have shown that both
these factors pass through a maximum with crystal size and can
contribute to discrepancies in crystallization kinetics deter-
mined from the conventional analysis of crystal size distribu-
tions (CSD’s) from a continuous mixed-suspension, mixed-
product-removal (MSMPR) crystallizer.

Correspondence concerning this paper should be addressed to A. G. Jones.
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In this present MSMPR study of potassium sulfate crystalli-
zation, crystal agglomeration and shape variation were both
taken into account for the first time in the analysis of CSD’s
over a wide range of supersaturation, temperature, and magma
density. In addition, use of a Malvern laser light scattering par-
ticle sizer facilitated analysis of the population density of very
small crystals (down to ~1 um). Thus the well-known very
strong upward curvature of population density vs. size plot could
be examined in detail. The crystallization kinetics obtained were
then compared with previous work and an attempt made to
rationalize the available data.

Theory
Driving force

Proper definition of the driving force of the crystallization
process, i.e., supersaturation, g, is of great importance, espe-
cially when temperature-dependent kinetics are to be assessed
(Mullin, 1979; Budz et al., 1985b). The fundamental expression
of supersaturation is based on activities rather than concentra-
tions (Mullin and Sohnel, 1977). Fortunately, however, for
potassium sulfate solutions the error brought about by neglect of
activity coefficients is as small as 4% for the highest supersatu-
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ration used in crystal growth experiments (Jan¢i¢ and Groot-
sholten, 1984). Thus relative supersaturation based on molar, or
alternatively mass, units of concentration is acceptable in this
work, i.e.:

= 1)

where w is the prevailing solution concentration (kg K,SO,/kg
H,0) and w,, is the equilibrium solubility.

Linear growth rate
The population density of particles, n, is defined by:

. (AN
i (H) @

where AN is the number of crystals in size range AL per unit
volume of crystal slurry. The population density can be calcu-
lated from the results of any sizing technique by the relation
(Mullin, 1972):

n m; My
T — 3
ap L} AL Z m; (3)

where m; is the mass of particles of size L;, My is the magma
density, and the subscript i refers to ith size range.

It has been found previously that potassium sulfate crystais
exhibit a shape-size dependency (i.e., the volume shape factor,
«, varies with crystal size) and agglomeration of the crystals also
occurs over a wide size range. Methods for the quantitative
assessment of these factors have been reported in detail else-
where (Budz et al., 1985a, 1986a). Similarly, the growth rate of
potassium sulfate crystals is size-dependent (see later). For such
size-dependent growth the equation of Sikdar (1977) can be
used to calculate growth rates from the CSD:

N(L)
n(L)r

G(L) = 4

where G (L) is the linear growth rate along the characteristic siz-
ing dimension of crystals (in the case of potassium sulfate along
the [001] crystallographic axis), n(L) is population density, and
7 is the mean residence time within the crystallizer. It should
also be noted that the linear growth rates of different faces of
potassium sulfate crystals differ (Mullin and Gaska 1973; Budz
et al., 1986a).

Several alternative empirical models to describe growth-rate
size dependency have been proposed. For example (Bransom,
1960):

k,=alL* (5)

where k, is the linear growth rate coefficient.
In more generalized form:

G/G° =1 + al* (6)
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or, alternatively (Abegg et al., 1968):
G/G°=(1 4+ al)* 7N
commonly known as the ASL equation.
The dependence of growth rate on supersaturation can be
described by the semiempirical equation (Mullin, 1972):

G° = kgo? (8)

It is generally accepted that the growth process consists of two
stages (Mullin, 1972; Karpinski, 1985):

Bulk diffusion
3= ko ©)
and
Surface reaction
G2 = k%" (10)

The overall growth rate is the combination of these two pro-
cesses, and the relative contribution of each can vary.

The effect of temperature on the rate constants of these pro-
cesses may be expressed by an Arrhenius-type relationship
(Mullin, 1972):

—F

k=kmexp(ﬁ) (11)

where E is the activation energy for growth (&), diffusion
(Ep), or reaction (Eg), T is the absolute temperature, and R is
the gas constant.

Nucleation rate

It has been found that in many cases a strong upward curva-
ture on a semilog population density-size plot occurs (Randolph
and Cise, 1972). In addition to size-dependent growth, such cur-
vature can arise from nuclei distribution and growth rate disper-
sion. Thus, simple extrapolation to zero size in order to obtain
nuclei density, #°, and subsequently nucleation rate at zero size,
ie.

B° =n°G° (12)

becomes uncertain. Alternatively, the effective nucleation rate
may be calculated from the equation:

B* = n* G* (13)

where the superscript* refers to values at the effective size of
nuclei L* (Jafici¢ and Grootscholten, 1984). In this study both
approaches are compared.

The nucleation rate in an MSMPR crystallizer is usually cor-
related by a semiempirical equation of the form (Randolph and
Larson, 1971; Garside and Shah, 1980):

B = kyM4a® (14)
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or alternatively

B = kyM4G’ (15)
where ky and kj are functions of temperature, hydrodynamics,
and impurity concentration.

The temperature effect on nucleation is again usually de-
scribed by an Arrhenius-type equation (Mullin, 1972):

-E
ky=ky,. exp( N) (16)

RT

The activation energy of nucleation, £y, has been found to be
either positive or negative for different substances (Genck and
Larson, 1972; Wey and Terwilliger, 1980; Larson, 1984).

Crystal size distribution

The Malvern particle sizer gives the wt. % values of particles
within 16 size bands (L,,_,, L) where L, is the diameter of the
sphere of the same cross-sectional area as an average projected
area of crystals randomly oricntated in the laser beam (an aver-
age of over 200 individual measurements is taken in each siz-
ing). Before use in a CSD analysis the data must be corrected
for crystal agglomeration and shape variation. Crystals of potas-
sium sulfate are approximately parallelepipeds with a width-to-
thickness ratio of 2 (Budz et al., 1986a). For such a nonspherical
particle shape the Malvern size, L,,, must be recalculated to
give the characteristic size, L, corresponding to the crystal
width. In this work a procedure proposed by Brown and Felton
(1985) was adopted that yielded the relation:

x o3
L= . L
1 + 6« M

where « is the volumetric shape factor and is size-dependent for
potassium sulfate (Budz et al., 1986a). In order to account for
crystal shape variation with size, a further recalculation must be
made to transform Malvern mass percentage, m,,,, into that
used in Eq. 3, i.e., m;. Geometrical considerations lead to the
equation:

(17

a - 9 [(1 + 6a,)7L3]

m; = My

' (18)
(1 +6a,) - 3 ayl]

Note that for size-independent shape factors m; = m;,,.

The next parameter to be recalculated is the Malvern magma
density, Mr,,, which must be used instead of M, in Eq. 3. A
feature of the Malvern measurement is that the instrument
effectively ignores all crystals of sizes larger than its maximum
size range. Thus for CSD calculations only the part of magma
density should be taken that corresponds to measured size
range. This can easily be done by means of the equation:

Myp = Mz(1 — M,) (19)

where M is the magma density measured from a mass balance
over the crystallizer, and M, is the cumulative oversize value for

2004 December 1986

size k corresponding to the upper limit of the Malvern range of
sizes and is calculated from sieve analysis data. Finally, the
effect of agglomeration is accounted for as described previously
(Budzet al., 1985a) and the true values of population density vs.
size are obtained.

Experimental

The experimental apparatus used is described in detail else-
where (Budz et al., 1986b). Briefly, it consists of a small labora-
tory-scale MSMPR crystallizer (capacity 300 mL), double-pad-
dle type stirrer (1,000 rpm), thermostated constant pressure
head feed device, flowmeter, and thermostated tank of stock
solution pumped to head tanks by means of a peristaltic pump.
To determine the crystal size distribution two different tech-
niques were used: standard sieve analysis (50-2,500 um), and
Malvern particle sizer (1-100 um). The laser particle size ana-
lyser facilitated CSD measurement of very small crystals with-
out removal from solution. The entire apparatus was placed in a
thermostated chamber permitting the high (up to 40°C) ambi-
ent temperatures needed for some experiments. Additional pre-
cautionary measures were taken to ensure truly MSMPR condi-
tions. This is especially necessary for potassium sulfate, which
produces quite large crystals of relatively high density that are
particularly prone to sedimentation. Altogether, 50 individual
experiments were carried out over the following ranges of opera-
tional parameters:

Relative supersaturation, 0.03-0.16

Magma density, 2-20kg - m™

Residence time, 17-59 min

Temperature, 10-50°C

Results
Crystal size distributions

Natural logarithms of population density vs. size for an exam-
ple run are shown in Figure 1. Malvern and sieve analysis data
exhibit an excellent match and support the accuracy of the
recalculation procedure adopted. An excellent fit to the data
was obtained using an empirical equation of the form:

Inn =P, exp (P,L% + P,L) (20)
where P, P,, P; are parameters, L is crystal size in um, and n is
population density in m™*. Two curve fits were made. Over the
size range 20-800 um a single correlation was used. However,
for extrapolation purposes over the small crystal size range of
4-200 um shown in the inset of Figure 1, a second correlation

was made to cope with the strongly skewed upward curvature.
Parameter values are shown in the figure.

Growth rate

The growth rates calculated from Eq. 4 are plotted against
size in Figure 2 along with curves for various size-dependent
growth models. This will be discussed in detail later. All growth
rate data were correlated by combining Egs. 7, 8, and 11, and
the following general equation was obtained:

—40,400

G=1.44cxp( 2 )(1+2L2/3)02 21
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Figure 1. Population density distribution.
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Inset shows small size range

where L is in microns. Equation 21 applies over the range 20—
800 um with an average weighted error of +25%.

Nucleation rate

Two different methods were used to calculate the nucleation
rate, the first using nonlinear extrapolation to zero size to obtain
n° and G° (employing Eq. 20 over the size range 4-200 um) and
hence B’ from Eq. 12. The second method was based on calcu-
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Figure 2. Comparison of various growth models for a rep-
resentative run.
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lation of the effective nucleation rate, B*, from Eq. 13. In the
latter case an effective size L* = 50 um was assumed. This cor-
responds to the smallest crystal beyond the region of sharp
upward curvature on the In n vs L plot and is consistent with
previous studies (Gaska, 1966; Jones, 1972). For calculation of
n*, Eq. 20 was used over the size range 20-800 pm and the cor-
responding value of G* was obtained from Eq. 21. The nuclea-
tion rate data obtained were then correlated by combining Eqgs.
14 and 16:

—62,500

RT (22)

B° = 1.14 x loz‘exp( )MTUZ'25

with an average error of x60%. The fit is comparatively poor
due to extrapolation over the small crystal size region.

Correlation of the effective nucleation rate, B*, yielded the
equation:

-9,300

B* =26 x 10 exp( )MTU (23)

with an improved average error of +30%.

Having determined the parameters of Eqs. 21, 22, and 23, it is
a simple matter to convert Eqs. 22 and 23 into the form of Eq.
15, whence:

-17,100

B° - 7.58 x 102 cxp( RT )MT(G")"'3 (22a)

and

10,900
RT

B* — 4.09 x 10° exp( )MT(G*)“ (23a)

It must be pointed out, however, that care should be taken
with such transformed equations since the growth rate of hypo-
thetical crystals of zero size has no physical meaning.

Discussion
Growth rate

The measured linear growth rate, Gin m - s~', can easily be
converted into overall mass rate, Rgin kg - m~? . s™', using the
equation:

3ap,
8

R; = G (24)

where in this case the volume shape factors @ and 8 (= 1 + 6a)
are size-dependent (Budz et al., 1986a). This recalculation has
been carried out for a selected crystal size (500 um) and temper-
ature (30°C) for the present data and the values are compared in
Figure 3 with corresponding values reported in literature (Mul-
lin and Gaska, 1969; Rosen and Hulburt, 1971a,b; Jones and
Mullin, 1973; Garside et al., 1974). When reduced to a common
basis, all these data appear highly comparable. In particular,
those of Jones and Mullin obtained in a draft-tube agitated ves-
sel (capacity 30 L, marine-type propeller at 550 rpm, and draft
tube with four baffles) lie within the range of experimental error
(£25%) of the data in the present study. The order of growth is
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Figure 3. Relative comparison of overall growth kinetics
of potassium sulfate crystals.

equal to 2 in all cases shown although, interestingly, lower
orders have been assumed (Ishii, 1973) or determined (Ran-
dolph and Rajagopal, 1970; Palwe ct al., 1984), indicating a
greater apparent diffusion resistance (not shown).

The dependence of the growth rate of potassium sulfate on
crystal size has been summarized by White ct al. (1976) using
data from several sources for either small (2-80 um) or larger
(>100 um) crystal sizes, which were subsequently combined on
the same relative basis. In the present study, crystals sized over
the whole range 1-800 um show almost exactly the same depen-
dence:

G=G°(1 +21%) (25)

As yet there is no general agreement on the estimation of the
growth rates of crystals smaller than 20 microns. All values cal-
culated using Eq. 25 fall well below model predictions, Figure 4.
Thus, size-dependent growth alone does not appear to account
for the very high values of population density (low calculated
values of growth rate) in the small size range. This deviation is
thought to be due to growth rate dispersion.

The growth rate data in this study also suggest a greater size
dependence of smaller crystal sizes than of larger ones, Figure 2.
For practical purposes, to calculate growth rate of potassium
sulfate crystals up to 700 microns Eq. 21 is recommended,
whereas for larger crystals the following equation, adopted from
a previous study (Jones and Mullin, 1973), is proposed:

G = Gag(L/700)*° (26)
where G, is the crystal growth rate at 700 um calculated from
Eq. 21 (L in microns).

For the bulk diffusion step of crystal growth (i.e., mass trans-
fer) a reduction in the mass transfer coefficient with increasing
crystal size would be expected, despite increasing slip velocity
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(Nienow, 1969; Lewins and Glastonbury, 1972; Budz et al.,
1984) whereas for surface reaction the value of the exponent ¢ in
the kinetic equation

G = KpLd%' (27)
was found to be 0.7 for potassium sulfate (Garside et al., 1974).
The comparatively high value of the overall size exponent (0.67)
in the present study again suggests that surface reaction offers a
much higher resistance to the growth process than diffusion. In
order to quantify this phenomenon the concept of the surface

integration effectiveness factor, ng, can be used (Garside et
al.):

Rg

— 28
KRLr‘TZ.d ( )

MR =

The value of 5z at 20°C and for supersaturation ¢ = 0.10 was
calculated for different crystal sizes using overall growth kinet-
ics found in this study (Eq. 21) and data on surface reaction
kinetics of potassium sulfate published in the work of Garside et
al. At sizes smaller than 100 um, Figure 5 shows that the contri-
bution of the surface reaction step to crystal growth process is a
decisive one (ng larger than 0.9). For larger sizes the contribu-
tion of bulk diffusion increases slowly, reducing the value of 7,
to about 0.7 at 900 um. It is interesting to note that over the
cntire size range the surface reaction resistance to the overall
growth process is higher than that of bulk diffusion at the super-
saturation level most often encountered in practice (¢ ~ 0.10).

The activation energy data that are available for the growth
rate of potassium sulfate are in rather poor agreement (Tavare
and Chivate, 1979). Generally, however, all reported values of
activation energies lie between the limit for bulk diffusion (E, =
2.4 kI - mol™') and that of surface reaction (Ex — 65 kJ -
mol™") (Tavare and Chivate). In the present study, activation
energies were recalculated on the basis of relative supersatura-
tion, ¢, with concentration expressed as kg salt/kg water. The
valuc obtained (E; — 40.4 kJ - mol™') is again in an excellent
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agreement with that reported by Jones and Mullin (1973) (E; =
39.6 kJ . mol™', recalculated for o), and its relatively high value
provides further support to the view that the surface reaction
contribution is significant. Figure 6 shows effectiveness factors
calculated on the basis of the present data of overall growth
kinetics (Eq. 21) and those of Garside et al. (1974) of surface
reaction kinetics for crystal size L = 710 um, supersaturation
o = 0.10, at temperatures of 20, 30, 40, and 50°C. As could be
expected, the bulk, diffusion contribution increases with in-
creasing temperature, being about 50% at S0°C.

Nucleation rate

Considerable scatter is observed among potassium sulfate
nucleation rate data in the literature, even from the same experi-
mental technique. Some of the available data are summarized in
Table 1 in terms of the exponents j on magma density and b on
supersaturation (Eq. 14). Activation energies are also included
where available.

A first-order dependence (i.e., j = 1) is expected for crystal-
agitator and crystal-crystallizer collisions and is the most fre-
quently encountered in various systems (Garside and Shah,
1970). The first-order dependency on magma density found in
the present study is therefore consistent with theoretical consid-
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ness factor on temperature.
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erations of secondary nucleation but at variance with some other
experimental studies.

As shown in Table 1, the published supersaturation orders are
also inconsistent. The most probable cause of this variation is
the different methods of calculation used in each study. This is
clearly shown for values of b found in this work, where two dif-
ferent techniques were used calculation at zero size and at an
effective size. For zero-size nuclei the exponent b is substantially
higher (2.25) than that (1) for effective nucleation. This indi-
cates that the mechanism responsible for the very large propor-
tion of particles that do not grow to populate the larger size
range is also a function of supersaturation and may thus be
related to growth rate dispersion, as discussed earlier.

The effect of temperature on secondary nucleation has not
been reported as extensively due to the rather limited range of
temperatures over which such experiments are possible (Garside
and Shah, 1980). From data available in the literature no defi-
nite conclusion can be drawn; both negative and positive activa-
tion energies have been reported. In the present study the activa-
tion energy for zero-size nuclei (reflecting the occurrence of
different population events within the small range) is 62.5 kJ -
mol ™!, which is in very good agreement with the only other avail-
able published value (53.3 kJ - mol™'), reported by Randolph
and Cise (1972). The zero-size activation energy is thus of the
same magnitude as that for growth (40.4 kJ - mol~' for overall
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Table 1. Nucleation Parameters of Potassium Sulfate in an
MSMPR Crystallizer
Exponents, Eq. 14 L
———————  Activation
Magma Supersat., Energy, £}
Reference Density, j b kJ - mol™!
Rosen & Hulburt, 1971a 1 0 —_
Randolph & Rajagopal, 1970 0.4 -1 —
Randolph & Cise, 1972 — 0.91 533
Randolph & Sikdar, 1976 0.5 0.69 —
This study
At zero size 1 2.25 62.5
At 50 um 1 1 93

*Supersaturation expressed as o (Aw/w,;) with concentration units kg K,SO,/kg
H,0.
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growth rate and 65 kJ - mol™' for surface reaction only) but sig-
nificantly is much larger than the effective size activation
energy (9.3 kJ - mol™'). This again indicates the possibility of
growth rate dispersion occurring within the small size range.

In summary, it can be concluded that potassium sulfate
nucleation rate data from an MSMPR crystallizer must be
treated with extreme care. Extrapolation to zero size is ambigu-
ous and does not seem to be an accurate method for estimating
nucleation rates. In the absence of detailed information of the
nuclei distribution and growth dispersion functions in the small
size range (<50 um), the effective nucleation rate currently
appears to be the more reliable description of secondary nuclea-
tion kinetics.
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Notation

b = nucleation order
B - nucleation rate, m™ + s~
¢ = size-dependent growth model exponent
E — activation energy, kJ - mol ™
g = growth order
G = linear growth rate, m - s~
i = relative nucleation order
J = exponent of magma density, Eqgs. 14, 15
k, k = kinetic coefficients, Egs. 5, 8,9, 14,15, 16
L = crystal size (width), m, um
m = mass, kg
M, = cumulative mass oversize for kth size band
My = magma density, kg - m~’
n — population density, m™*
N = cumulative number oversize, m~
surface reaction order
R — gas constant, 8.3143J - mol~' . K™!
R; — mass growth rate, kg - m™2. 57!
T = absolute temperature, K
w = concentration, kgK,SO,/kg H,O

3 1

3

~
fl

Greek letters

= volumetric shape factor (i.e., volume = aL’)
8 = surface shape factor (i.e., surface area = BL%)
A = difference

6§ = temperature, °C

p. = crystal density, kg - m~
ng = surface integration effectiveness factor
g = supersaturation

Z = sum

7 = residence time, s

3

Subscripts
D = diffusion
eq = equilibrium
G = growth
i = size increment
L = linear

M = Malvern data
N = nucleation
R = surface reaction

Superscripts

* — effective size
0 = zero size
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